The nearby (50 pc) K7V dwarf HIP 41431 (EPIC 212096658) is a compact 3-tier hierarchy. Three K7V stars with similar masses, from 0.61 to 0.63 solar, make a triple-lined spectroscopic system where the inner binary with a period of 2.9 days is eclipsing, and the outer companion on a 59-day orbit exerts strong dynamical influence revealed by the eclipse time variation in the Kepler photometry. Moreover, the centre-of-mass of the triple system moves on a 3.9-year orbit, modulating the proper motion. The mass of the 4-th star is 0.35 solar. The Kepler and ground-based photometry and radial velocities from four different spectrographs are used to adjust the spectro-photodynamical model that accounts for dynamical interaction. The mutual inclination between the two inner orbits is 2.
INTRODUCTION
Study of stellar hierachies containing three or more bodies helps to understand their origin, still a matter of controversy and debate. Although the main aspects of star formation are well understood, the genesis of stellar systems, particularly close binaries, is obscure because the mechanisms reponsible for bringing together two or more stars, initially formed at a much larger separation, are not identified or modelled. From the observational side, establishing a reliable statistics of hierarchies is a basis for testing theoretical predictions. E-mail: borko@electra.bajaobs.hu † E-mail: julius.sperauskas@ff.vu.lt ‡ E-mail: atokovinin@ctio.noao.edu § E-mail: dlatham@cfa.harvard.edu However, individual systems with rare and/or extreme characteristics are equally enlightening, as such objects challenge the formation theories and extend the boundaries of the explored parameter space. This is the case under study here.
We investigate an interesting low-mass hierarchical stellar system, HIP 41431 (GJ 307). Basic data on this star collected with the help of Simbad are assembled in Table 1 . This object came to the attention of the present authors independently as a triple-lined spectroscopic system (D.L. and J.S.) and as an eclipsing binary, exhibiting fast and large amplitude eclipse timing variations (ETV) of likely dynamical origin (T.B. and T.H.). Its architecture is illustrated in Fig. 1 , where the three spectroscopically visible components with comparable masses and luminosities are designated as A, B, and C. The fourth star D was discovered by the modulation of radial velocity (RV) of the centre of mass of the inner triple and from the residuals of the dynamical, three-body ETV model, and confirmed by its astrometric signature in the Gaia catalog. All orbits seem to be close to one plane and have small eccentricities, resembling in this sense a solar system, like the "planetary" quadruple star HD 91962 (Tokovinin et al. 2015) . In these systems, the moderate period ratios on the order of 20 favor dynamical interaction between inner and outer orbits, so the motion cannot be modelled as a superposition of independent Keplerian orbits. However, compared to HD 91962, HIP 41431 is much more compact and fast. The paper begins with a short description of the data in Section 2. Then in Section 3 we present and discuss spectroscopic orbits and determine the preliminary components' masses. Global dynamical modelling of the Kepler K2 and ground-based photometry and the RVs is presented in Section 4. Its results are confronted with empirical and theoretical stellar properties in § 5. Observed effects associated with dynamical interaction between the orbits are covered in Section 6. We summarize and discuss our findings in Section 7.
2 OBSERVATIONAL DATA 2.1 Photometric observations 2.1.1 Kepler K2 photometry HIP 41431 was observed with Kepler spacecraft (Borucki et al. 2010) in long cadence (LC) mode during Campaigns 5, 16 and 18 of K2 mission. Furthermore, in Campaign 18 short cadence (SC) data were also collected. Eclipses with a period of 2.93291 days in the C5 data were reported by Barros et al. (2016) . Figure 2 shows the K2 photometry and its model discussed below.
We determined the mid-time of each observed eclipse and generated the ETV curves. The method we used is described in detail by Borkovits et al. (2016) . The times of minima are listed in Table B1 , while the ETV curves are shown in Fig. 3 . The amplitude of the cyclic variation with the 60-d period is 0.007 d, an order of magnitude larger than the light-time delay in the outer orbit. This variation is caused primarily by the interaction with the star C that modulates the orbital elements of the inner orbit, including its period. Moreover, the inner orbit has a fast apsidal rotation which is also forced dynamically by star C.
In such a compact, strongly interacting triple system, even marginally (by ≈ 1 − 2
• ) misaligned inner and outer orbital planes produce fast precession of the inner orbit and, hence, eclipse depth variations. Therefore, we checked the K2 lightcurves for such features. Raw K2 LC data are processed and corrected with different pipelines, resulting in somewhat different lightcurves. We downloaded from the Barbara A. Mikulski Archive for Space Telescopes (MAST) 1 and investigated the PDCSAP lightcurves obtained with the Kepler/K2 pipeline and the K2 self-flat-fielding (K2SFF) pipeline of Vanderburg & Johnson (2014) . Regarding the PDCSAP lightcurves, normalizing the flux levels of each of the three datasets to their out-of-eclipse averages reveals that the eclipses in the C16 and C18 data are deeper by about ≈ 6% and 1.5%, respectively, relative to the C5 data. The same feature can be identified in the K2SFF lightcurves, too. This finding, however, does not mean automatically that the eclipse depth variation is real. Different locations of the target on the Kepler's CCDs and different aperture masks used for the photometry in these datasets may produce apparent eclipse depth variation because of different amounts of contaminating fluxes from other stars within the apertures. However, there are no stars brighter than G = 19.7 mag within 1.2 radius from our target in the Gaia DR2 catalog. We conclude that slight eclipse depth variation during the observing window of K2 photometry is possible, although it cannot be proven conclusively. Therefore, we decided to apply our photodynamical modelling package both for the uneven and the uniform eclipse depth lightcurve. For the latter, we transformed the C5 and C18 lightcurves to have equal eclipse depths to the C16 data which exhibit the deepest eclipses. The phase-folded, binned, and averaged Campaign 5 K2-lightcurve of the innermost binary. The phased averages of the observed flux near the eclipses are plotted by the blue circles (these data were used for the joint spectro-photodynamical analysis), while the out-of-eclipse flux is plotted by grey circles. The red curve is the folded, binned and averaged lightcurve of the cadence-time corrected photodynamical model solution calculated at the time of each observation; the residuals to the model are also shown in the bottom panels.
Ground-based follow up photometry
In order to monitor the possible quick eclipse depth variations and to lengthen the interval of the available ETV data suitable for the study of the dynamical evolution of the system, we carried out additional eclipse event observations with the 0.5 m telescope of Baja Astronomical Observatory of Szeged University located at Baja, Hungary, and equipped with an SBIG ST-6303 CCD detector. The target was observed on 7 nights between Jan 14 and Apr 18, 2019, which led to the determination of 6 additional times of minima data (see also in Fig. 3 and Table B1 ). The usual data reduction and photometric analysis were performed using IRAF 3 routines. As shown below in Sect. 6, these observations confirmed not only the existence, but even the rate of the eclipse depth variations that was predicted by the uneven eclipse depth model solution.
High-resolution spectroscopy
High-resolution spectroscopy was conducted independently using several facilities. The primary goal was measurement of RVs for orbit determination. Stellar parameters such as rotation, metallicity and gravity can be determined as well from the spectra. We tabulate the measured radial velocities in Table B2 .
CfA observations
This nearby star was observed with two identical CfA Digital Speedometers (Latham 1985 (Latham , 1992 (Latham ) from 1999 (Latham .3 till 2008 Seven observations were carried out with the instrument installed at the 1.5-m Wyeth Reflector at the Oak Ridge Observatory in the town of Harvard, Massachusetts. The other spectra were obtained with the 1.5-m Tillinghast Reflector at the Whipple Observatory on Mount Hopkins, Arizona. A total of 102 observations were collected. The RVs were measured by correlations of the single echelle order centered on the Mg b triplet near 519 nm, with a wavelength window of 4.5 nm and resolving power of 35 000. As the spectrum is triple-lined, the TRICOR algorithm was used, analogous to TODCOR (Zucker & Mazeh 1994) . A correction of +0.14 km s −1 must be added to these RVs to put them on the IAU system. D.L. found the flux ratio C:A:B of 1:0.94:0.78 at 5187Å.
In 2009, the new fibre-fed Tillinghast Reflector Echelle Spectrograph (TRES; Szentgyorgyi & Furész 2007) was used to obtain an additional spectrum, followed by five more spectra taken in 2014. We measured the RVs by cross-correlating these spectra with the binary mask and applied the zeropoint correction of −0.62 km s −1 appropriate for this instrument.
VUES observations
One of the authors (J.S.) has been conducting a long-term RV survey of nearby low-mass stars using several spectrometers. Most data are obtained at the 1.65-m telescope at the Moletai observatory in Lithuania (Sperauskas et al. 2016) . A CORAVEL-type spectrometer was used to measure the RVs with a typical accuracy of the order of km s −1 and a spectral resolution around 20000. HIP 43431 was observed with CORAVEL at Moletai several times in the period from 2000 to 2014. Owing to the relative faintess of the star and the complex multi-line nature of its spectrum, the CCF dips are noisy and often blended. In this paper, we do not use these CORAVEL observations.
In Residual BJD -2400000 Figure 3 . Eclipse timing variations of the innermost, eclipsing pair. Red circles and blue boxes stand for the primary and secondary ETVs, respectively, calculated from the observed eclipse events, while black upward and green downward triangles show the corresponding primary and secondary ETV, determined from the spectro-photodynamical model solution. Furthermore, orange and lightblue lines represent approximate analytical ETV models for the primary and secondary eclipses. The residuals of the observed vs photodynamically modelled ETVs are plotted in the bottom panel. took spectra of HIP 43431 with a resolution of 30 000 in the wavelength range from 400 to 880 nm. The spectra recorded by the CCD detector are extracted and calibrated in the standard way. The RV is determined by numerical crosscorrelation of the spectrum with a binary mask, emulating the CORAVEL method in software (Fig. 4) . Compared to CORAVEL, the RVs delivered by VUES are more accurate; their rms residuals from the orbits are, typically, from 0.2 to 0.3 km s −1 . For each observing night, the instrumental velocity zero point and its drift were checked by observations of a few RV standard stars. The mean RV zero-point, calculated using 186 measurements of the standard stars, is ∆RV=0.09±0.01 km s −1 , and the standard deviation is 0.19 km s −1 . One can suspect a small drift of the zero-point from 0.04 to 0.14 km s −1 in about three years. Practically the same value of ∆RV=0.08±0.05 km s −1 (rms 0.18 km s −1 , n = 15) is obtained using telluric lines in the spectra of HIP 41431 as the RV reference.
CHIRON observations
Seven spectra of HIP 41431 were taken at the 1.5-m telescope located at Cerro Tololo (Chile) and operated by the SMARTS consortium.
4 Observations were conducted by the telescope operator in the service mode. The optical echelle spectrometer CHIRON (Tokovinin et al. 2013 ) was used in the slicer mode with a spectral resolution of 80000. On each visit, a single 10-minute exposure of the star was taken, accompanied by the spectrum of the comparison lamp for wavelength calibration. The data were reduced by the pipeline written in IDL.
The RVs are derived from the reduced spectra by crosscorrelation with a binary mask based on the solar spectrum, similarly to the CORAVEL RVs. More details are provided by Tokovinin (2016) . Only the spectral range from 4500Å to 6500Å, relatively free from telluric lines, was used for the CCF calculation. The RVs delivered by this procedure should be on the absolute scale if the wavelength calibration is good. A comparison of CHIRON RVs with several RV standards revealed a small offset of +0.16 km s −1 (Tokovinin 2018c) ; in the following this offset is neglected. Figure 5 illustrates the 3-component cross-correlation function (CCF) derived from the CHIRON spectrum. The strongest dip belongs to the component C; the dip of A is almost equal, while B is obviously weaker. The relative dip areas of C:A:B are 1:0.95:0.71. The dips are narrow and correspond to the projected rotational velocities of 5.5, 5.1, and 4.2 km s −1 according to the calibration of Tokovinin (2016) . The rotation of A and B is almost two times slower than synchronous (10.1 and 9.9 km s −1 for the primary and the secondary, respectively. The first four sets of RVs measured with CHIRON are plotted in Fig. 6 together with the spectro-photodynamical model curves (see Sect. 4).
UVES archival spectra
In an effort to extend the time coverage, we consulted the ESO archive 5 and found eight high-resolution spectra taken with UVES at the 8-m VLT telescope in December 2017, on two nights, in the framework of the program 0100.D-0282(A) to study chromospheric activity of inactive mainsequence stars (PI A. Santerne). The data recently became public. We measured the RVs using only the red-arm spectra (wavelength range 5655-9463Å) by correlation with the binary mask. No zero-point correction was applied. These RVs serve primarily to confirm the 4-year modulation of the centre-of-mass RV induced by the star D.
Gaia astrometry
The Gaia data release 2, DR2 (Gaia collaboration 2018), provides accurate parallax (see Table 1 ) and proper motion (PM) of HIP 41431. However, the reduced goodness-of-fit parameter gofAL of 27.19 and the statistically significant excess noise of 0.29 mas show that the single-star model 5 http://archive.eso.org/cms.html adopted in DR2 is not adequate. The photo-centre position is modulated with the 59-day and 4-year periods of the middle and outer orbits, and the future data releases will hopefully provide the astrometric elements of these orbits.
Comparison of the DR2 position with the second Hipparcos data reduction (van Leeuwen 2007) allows us to compute the average PM of (µα, µ δ )mean = (+10.62, +21.95) mas yr −1 . This long-term PM agrees well with the groundbased PM of (+9.2 ± 1.1, +21.1 ± 1.1) mas yr −1 given in UCAC4 (Zacharias et al. 2012 ), but differs very significantly from the "instantaneous" PM measured by Gaia: ∆µDR2−mean = (−7.00 ± 0.20, −1.12 ± 0.14) mas yr −1 . A similar, although less significant, difference ∆µHIP2−mean = (−10.7 ± 3.3, −1.6 ± 2.5) mas yr −1 is found between the Hipparcos and long-term PM. So, HIP 41431 is an astrometric binary of the ∆µ type. We show below that the measured ∆µ is explained by the photocentric motion induced by the outer orbit.
Speckle interferometry
The star was observed in 2018.97 in the I band using speckle camera at the 4.1-m Southern Astrophysical Research (SOAR) telescope. The angular resolution (minimum detectable separation) was 50 mas, and the dynamic range (maximum magnitude difference) was about 4 mag at 0. 15 separation. The instrument and observing technique are described in Tokovinin (2018b) . No companions were detected. The star D is too faint compared to the combined light of ABC and, moreover, its estimated separation at the moment of the observation was only 30 mas. Nevertheless, speckle interferometry is still useful to probe the absence of additional resolved companions. However, Oh et al. (2017) found two co-moving stars, HIP 37165 and TYC 2468-87-1, both at projected separations of ∼9 pc. Given the separation, they cannot be bound companions of HIP 41431. The spatial motion (Table 1) is typical for the Galactic disk population.
ORBITS AND MASSES
Dynamical interaction between the inner and outer orbits means that the observed RVs cannot be accurately modelled as superposition of two Keplerian orbits. Dynamical modelling using both RVs and ETV is presented in the following Sect. 4. However, fitting Keplerian orbits to the subsets of RVs provided important insights and led to the discovery of the fourth star, D. Table 2 lists spectroscopic orbital elements of the inner and middle systems derived from three independent sets of RVs coming from different instruments. Both orbits were fitted simultaneously using the orbit3.pro IDL code (Tokovinin & Latham 2017) . Some elements were fixed (they are listed with asterisks instead of errors). The RV amplitudes of the inner pair A,B are denoted as K1 and K2, the RV amplitudes in the outer orbit are K3 (center of mass of AB) and K4.
The orbits in the first column of orbits based on VUES and CHIRON data. For the latter, we fixed the periods and the outer eccentricity to their values determined photometrically. The VUES RVs measured before 2018.2 were corrected for the offsets due to the outer orbit (see below). The most striking disagreement between those orbits concerns the centre-of-mass velocity γ. The velocity zero points of respective spectrographs are carefully controlled, hence the effect is real. The centre-of-mass velocity V0 can be computed for each individual observation independently of the orbital elements as
using relative component's masses derived from the RV amplitudes. We adopted provisionally MA : MB : MC = 1 : 0.98 : 1.007 and applied eq. 1 to the observations where all three RVs are measured from the same spectrum, excluding spectra with blended lines. The correct choice of the relative masses is verified by the absence of correlation between V0 and RVs of the individual components. A plot of V0 vs. time clearly shows its variation with a period of ∼4 years; three cycles between 1999.3 and 2019.0 are covered. The preliminary orbital elements describing the V0(t) variation are given in Table 3 , the RV curve is plotted in Fig. 7 . The RV amplitude in the outer orbit is denoted by K5. We adopted the erors of 1 km s −1 for the CfA data, 0.5 km s −1 for TRES, VUES and UVES, and 0.1 km s −1 for CHIRON. The latter RVs are distinguished by the tight sequence of black squares around the phase 0.5, showing the V0 trend in just two months. The global weighted rms residuals are 0.38 km s −1 . The long and extensive coverage of the CfA data is essential for constraining the outer orbit.
The middle and inner orbits computed from the CfA data of 2007-2008 happen to be near the maximum of the RV curve in Fig. 7 , hence γ CfA = −6.4 km s −1 ; the trend during this period was small. Similarly, most VUES observations cover the minimum of this curve, hence γVUES = −12.2 Table 3 . Elements of the outer orbit Element Value
km s −1 (the first VUES observation does not match the inner orbits without an offset correction).
Given that the inner pair is eclipsing, the factor sin 3 iA,B ≈ 1, so the spectroscopic masses are close to the true masses of the components. The mass sum of 1.9 M for A+B+C and the RV amplitude of the outer orbit then lead to MD > 0.36 M . If the inclination of the outer orbit were substantially different from 90
• , the large resulting MD would contradict its non-detection in the spectra, so we adopt MD = 0.4 M (this is confirmed below by the full modelling). The total mass and the period define the semimajor axis of the outer orbit, 3.26 au or 67 mas on the sky.
At the Gaia DR2 epoch, 2015.5, the star D was receding from ABC, moving toward maximum separation. The projected speed of the mean orbital motion during the time interval of 2015.5±0.5 years was µ orb = 40 mas yr −1 , directed away from the primary. Comparing this speed to the observed ∆µ = 7.0 mas yr −1 and neglecting the light of the star D allows a direct measurement of the outer mass ratio q3 from the relation ∆µ/µ orb = q3/(1 + q3). Hence, q3 = 0.21 and MD = 0.40 M . This confirms our assumption that the outer orbit has a large inclination. The direction of ∆µ suggests that the companion D was at the position angle of ∼ 80
• in 2015.5. Without actually resolving the outer binary, we already know approximately all its orbital elements and can compute the positions.
DYNAMICAL MODELLING
As a consequence of the compactness of this quadruple system (the period ratios are P2/P1 ∼ 20.2 and P3/P2 ∼ 24.4) the orbital motions of the four stars depart significantly from pure Keplerian orbits. Therefore, the accurate modelling of all observations needs a spectro-photodynamical approach, i. e. the combination of the simultaneous analysis of the RVs and photometric data with the numerical integration of the four-body motion. This analysis was carried out with the software package Lightcurvefactory (see Borkovits et al. 2019 , and further references therein) of which the latest version is now able to handle quadruple systems both in 2+2 and 2+1+1 configurations. The relevant modifications of the orbital equations to be numerically integrated in this new version are discussed in Appendix A.
Apart from the inclusion of the fourth star forming the third, outermost "binary" with the centre of mass of the ABC components, this complex analysis was carried out in a very similar manner as described in Sect. 7 of Borkovits et al. (2019) and, therefore, here we discuss only the basic steps briefly. We carried out a joint Markov Chain Monte Carlo (MCMC) parameters search for the following data series:
(i) Two sets of long cadence K2 lightcurves; (ii) The RVs of components A, B, and C; (iii) The ETV curves of the innermost EB (for both primary and secondary minima).
Regarding item (i), we consider two variants of processed K2 lightcurves, with constant and variable eclipse depth, as described in Sect. 2.1.1. In both cases, we use only a narrow window of width ∼ 0.12 d centered on each eclipse (blue points in Fig. 2 , right panel). The out-of-eclipse brightness variations are negligible, and the omission of these data saves a significant amount of computational time. Most dynamical information coded in the lightcurves is contained in the fine structure and timings of the eclipses. Note also, that for the ∼ 29.4-min long-cadence time of Kepler, we apply a cadence time correction on the model lightcurves (see Borkovits et al. 2019, for details) . Considering that the eclipse depth variation in the Kepler data has been confirmed by our ground-based photometry, we discuss below only the uneven eclipse depth solution.
Turning to the RV curves, we emphasize that instead of fitting the usual analytical formulae, our numerical integrator calculates for all time instances the 3D velocity vectors of all four bodies, the vz components of those vectors give directly the RVs relative to the centre of mass of the quadruple system. The systemic velocity, γ, is then calculated a posteriori by a simple linear regression minimizing the χ 2 RV residuals between measured RVs and the model. We found only minor zero-point differences amongst the RV instruments (see Sect. 2.2) and neglected them.
In principle, the K2 lightcurves carry the same timing information as the ETV curves, making the latter redundant. However, the advantages of using both the lightcurves and the ETV curves together have been explained in Borkovits et al. (2019) . Similarly to our previous work, the ETV curves were used to preset the period (P1) and phase term (T0)1 of the innermost binary for each new set of the trial parameters. The latest ETV points from the groundbased photometry were also added to the data set.
During our analysis, we carried out several dozens of MCMC runs and tried different sets and combinations of adjustable parameters. We also applied some additional relations to constrain some of the parameters in order to reduce the degrees of freedom in our problem. For example, while the masses of all four stars can be deduced from the joint dynamical analysis of the ETV and RV curves and, combining these results with the outputs of the lightcurve analysis, the physical dimensions of the eclipsing stars can also be determined, none of the observational data used for the photodynamical modelling carry information on the radii of the stars C and D. Similarly, only the temperature ratio of stars B and A (TB/TA) can be constrained by the light curve, while the effective temperature of one star in the inner binary should be taken from an external source. The photodynamical model can say nothing on the effective temperatures of the stars C and D. Their net flux in the Kepler band is manifested only as extra flux for the lightcurve model. In order to get reliable information on these parameters we applied different options. Regarding TA, in some runs we constrained it with a Gaussian prior centered to the temperature given in Gaia DR2 (T eff = 3978 K), while in another series of runs the code calculated internally the temperature in each trial step from the stellar mass mA with the use of the mass-temperature relations of Tout et al. (1996) , valid for zero age main sequence (ZAMS) stars. During our analysis the radii of the two outer stars (RC,D) and also the effective temperature of the star D (TD) were also connected internally to their masses via the relations of Tout et al. (1996) . (For these calculations solar metallicity was assumed.) Applying these three constraints, the fourth remaining parameter, i. e. TC, takes the role of the extra light parameter (lx) and, therefore, there is no need to use this latter one.
Besides the above mentioned constraints, in most of our runs we adjusted the following parameters:
(i) Three parameters related to the orbital elements of the inner binary: eccentricity (e1), the phase of the secondary eclipse relative to the primary one (φsec,1) which constrains the argument of periastron (ω1, see Rappaport et al. 2017) , and the inclination (i1)
6 ; (ii)-(iii) Two times six parameters related to the orbital elements of the middle and the outermost orbits: P2,3, (e sin ω)2,3, (e cos ω)2,3, i2,3, the times of the periastron passages of stars C and D along their revolutions on the middle and the outermost orbits, respectively (τ2,3), and the position angles of the nodes of the two orbits (Ω2,3) 7 ; (iii) Four mass-related parameters: the mass of the component A, mA, and the mass ratios of all three orbits q1,2,3; (iv) and, finally, four other parameters which are related (almost) exclusively to the lightcurve solutions, as follows: the duration of the primary eclipse (∆t)pri closest to epoch t0 (which is an observable that is strongly connected to the sum of the fractional, i. e. scaled by the inner semi-major axis, radii of stars A and B, see Rappaport et al. 2017) , the ratio of the radii of stars A and B (RB/RA), and the temperature ratios of TB/TA and TC/TA.
Turning to other, lightcurve-dependent parameters, we applied a logarithmic limb-darkening law, where the coefficients were interpolated from the pre-computed passbanddependent tables in the Phoebe software (Prša & Zwitter 2005) . The Phoebe-based tables, in turn, were derived from the stellar atmospheric models of Castelli & Kurucz (2004) . Due to the nearly spherical stellar shapes in the inner binary, an accurate setting of gravity darkening coefficients has no influence on the lightcurve solution and, therefore, we simply adopted a fixed value of g = 0.32 which is appropriate for late-type stars according to the traditional model of Lucy (1967) . We also found that the illumination/reradiation effect was quite negligible for the eclipsing binary; therefore, in order to save computing time, this effect was neglected. On the other hand, the Doppler-boosting effect (Loeb & Gaudi 2003; van Kerkwijk et al. 2010) was included into our model. Furthermore, in the absense of any other information, we assumed that the equatorial planes of stars A and 6 Note, again, that P 1 and (T 0 ) 1 are constrained through the ETV curves. 7 Strictly speaking, as we set Ω 1 = 0 • at epoch t 0 for all runs, adjusting the other two Ω 2,3 -s is practically equivalent to the adjustment of the differences of the nodes (i. e., ∆Ω-s), which are the truly relevant parameters for dynamical modelling.
B are aligned with the innermost orbital plane. The projected rotational velocities of stars A, B and C were set to their spectroscopically obtained values (see Sect. 2.2.3).
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The orbital and astrophysical parameters derived from the 'uneven eclipse depth scenario' spectro-photodynamical analysis are tabulated in Table 4 , and will be discussed in the subsequent Sections 5 and 6. The corresponding model lightcurves are presented in Fig. 2 , while the different RV curves are shown in Figs. 6, 7, and 8. Finally, the model ETV curve plotted against the observed ETVs is shown in Fig. 3 .
As a sanity check for the photodynamical solution, we calculate the maximum photometric distance of HIP 41431 by combining the total V magnitude of the system (see the penultimate row in Table 4 ) with the apparent V magnitude (see Table 1 ). This results in a photometric distance of d phot ≤ 50 ± 2 pc, which is in good agreement with the Gaia parallax.
PHYSICAL PARAMETERS OF THE COMPONENTS
The masses obtained from the spectro-photodynamical model are in good agreement with masses deduced from the preliminary RV analysis and the Gaia astrometry (Sect. Table 4 using standard relations for MS stars (e.g. Pecaut & Mamajek 2013 ) and adjusted to match the measured combined V − Ks color in Table 1 . This allows us to place the stars on the colormagnitude diagram (CMD) in Fig. 9 using the Gaia parallax. The masses, colors, and absolute magnitudes of the visible stars A, B, and C match well both the empirical relations of Pecaut & Mamajek (2013) and the theoretical isochrone for solar metallicity, while the star D of 0.35 M contributes only 0.01 to the total light in the V band and 0.35 in the Kepler band. The empirical relations of Benedict et al. (2016) for M-type dwarfs predict the V − K colors from 3.61 to 3.66 mag for stars with masses of the components A, B, and C, and match the observed combined color V − Ks = 3.65 mag. The observed absolute V magnitudes are brighter than those of Benedict et al. by ∼0.3 mag, either because these stars are slightly evolved or because of the reduced blanketing owing to sub-solar metallicity. The stars A, B, C have effective temperature close to 4000 K or slightly lower (Gaia gives T eff = 3978 K) and gravity log g = 4.7 in cgs units. The PARSEC isochrone for [Fe/H]=−0.5 (Palacios et al. 2010) , on the other hand, corresponds to bluer and brighter stars (for the same masses) and contradicts the observations. The discrepancy between theoretical isochrones and actual colors of low-mass stars has been recently noted by Howes et al. (2019) . They discuss the "benchmark" K7V star 61 Cyg B Tout et al. (1996) ; c: Calculated from the mass-temperature relations of Tout et al. (1996) Stellar parameters can be measured directly from the high-resolution spectra if the spectra of individual components are isolated (disentangled). This approach was implemented for the CHIRON spectra, but even by combining them all and averaging the component's spectra, the signal to noise ratio (SNR) remains modest. Alternatively, we can compute the triple-lined synthetic spectrum and compare it to the observed one. The spectrum of HIP 41431 with the largest SNR was taken on 2017 December 29 (JD 2458116.697) with UVES (see Sect. 2.2.4). Using the measured RVs and relative fluxes, we shift and scale the synthetic spectrum to model the triple-lined system. Such forward-modelling avoids the need to disentangle the observed spectrum. A small correction for the estimated dilution by the light of the star D is applied. Figure 10 shows a fragment of the near-IR UVES spectrum compared to the synthetic spectrum from the Pollux library 9 (Palacios et al. 2010 ). We made this comparison for the [Fe/H] values ranging from −1 to +0.5 dex and found the best match for [Fe/H]=−0.5 dex. Note that the effective temperature of the synthetic spectrum differs slightly from the estimated stellar temperatures, but synthetic spectra of dwarfs with lower temperatures are not available in the Pollux library.
We tried to find the spectral signature of the faint star D by correlating the difference between the UVES spectrum and its triple-lined model with the synthetic spectra of different T eff or with a binary mask, near the CaII infrared triplet. The resulting correlation function does not contain the expected details. The star D could have a fast rotation or could be a close spectroscopic pair. 
ORBITAL PROPERTIES AND DYNAMICAL EVOLUTION
As mentioned previously, the four stars in this compact quadruple system interact dynamically and therefore, the three orbits are subjected to strong and fast dynamical perturbations. Spectacular manifestations of these interactions are nicely visible even on the four-year-long data train of the measured ETVs (Fig. 3 ) of the innermost, eclipsing pair. First, we note the 59-day sine-like modulation of the ETV, similar (but not identical) for the primary and secondary ETVs. The dominating contributor to this modulation is the third-body perturbation from the star C that alternates the mean motion (and also the orbital elements) of the innermost binary on the timescale of the period of the middle orbit (Borkovits et al. 2015) . The contribution of the classic light-travel time effect (LITE) to this 59-day variation is only about 10%.
Second, the crossing of the two ETV curves reveals a fast, dynamically forced apsidal motion. According to our numerical integration, which was a substantial part of the photodynamical solution, during this four years the major axis of the innermost orbit has turned by ≈ 150 − 160
• , i. e., has made almost half a revolution (see Fig. 11 ). Therefore, the current period of the apsidal motion of the innermost orbit is U1 ≈ 9 yr. Only two binaries formed by non-degenerate stars with shorter apsidal motion periods are known to date. These are the inner binaries of the compact hierarchical triple systems KOI-126 and KIC 05771589, reported by Carter et al. (2011) and Borkovits et al. (2015) , respectively.
Finally, the P3 ∼ 3.9 yr LITE induced by the outermost component is also present.
At this point we have to note, that the ETV residuals (Fig 3, lower panel) show small, but systhematic departures in the order of some 10 −4 days around BJD 2 458 150 and 2 458 520, i. e. during the late campaign (C16 and C18) observations of the K2 mission. In this moment we cannot decide whether these small, but systhematic discrepancies, which however do not exceed the estimated accuracies of the individual ETV points have physical origins indicating some inaccuracies in the parameters of the expected fourbody model, or they are consequences of some instrumental effects.
Turning to the RV data, a more spectacular, and almost uniquely observed manifestation of the apsidal rotation of the middle orbit can be seen in Fig. 8 , where we plot the RVs of the three visible stars A, B, and C (after subtracting the orbit of the eclising pair), together with the corresponding spectro-photodynamical model for the whole, 20-year-long time span of our observations. The apsidal rotation of the middle orbit results in the notable variation of the shape of the RV curves.
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Orbital inclination is another key observable in an eclipsing binary. Our photodynamical solution has revealed small, but definitely non-zero relative (mutual) inclination between the two inner orbital planes: imut1−2 = 2.
• 2 ± 0.
• 1.
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The mutual inclination between the outermost and the inner and middle orbits is larger, although its uncertaintly is substantial: imut1−3 = 22
• . The non-coplanarity of the orbits triggers precession of all three orbital planes, illustrated in the right panel of Fig. 11 , where the variations of the three observable orbital inclinations (i. e. the angles between the orbital planes and the plane of the sky) are plotted.
10 While spectroscopically detected apsidal motions were previously reported for other close binaries (see e. g. Ferrero et al. 2013 ) and even for an exoplanet (Csizmadia et al. 2019) , too, we are not aware of any other systems where such a significant fraction of a complete apsidal revolution period was covered with RV data so densely as in the present case. 11 Note, that the combination of the dynamical and geometrical effects on the light-and ETV curves break the degeneracy between prograde and retrograde solutions, therefore an almost coplanar, but retrograde solution can be ruled out with high confidence. While the dynamical effects of such orbital misalignments are expected to occur only on very long times scales, their observational consequences, however, are manifested almost promptly, in dramatic eclipse depth variations. In Fig. 12 we plot the model lightcurve of the system since the beginning of the spectroscopic observations. The ≈ 9.2 year period cyclic variation of the eclipse depths which, naturally, correlates with the ∆i1 ≈ 3.5
• amplitude, short-term variation of the inclination (i1) of the innermost orbit, is clearly visible.
12 Moreover, another (on this timescale linear) effect is also well visible; it corresponds to the longer time-scale and larger-amplitude precession triggered by the more inclined outermost orbit. As a consequence, if the photodynamical solution is correct, in the forthcoming decades one can expect that the mean visible inclinations of the innermost and middle orbits (i. e., i1 and i2 averaged over the ≈ 9.2 yr-period of the short-term precession) and, therefore, the averaged eclipse depths will increase. Moreover, when these inclinations reach ≈ 90
• around 2040, eclipses of the component C should also become observable for several years.
We emphasize, however, that the relative nodal angle of the outermost orbit (Ω3) is obtained only with a large uncertainty and thus, the corresponding two outer mutual inclinations are only weakly constrained. Therefore, these results should be considered as tentative. The reason of this uncertainty is that only the eclipse depth variation of the eclipsing pair is strongly sensitive to the rate of the (visible) inclination variation of the innermost pair and, therefore, only the K2 observations, which cover a small fraction of the ≈ 1260 day-long interval contain really conclusive information about the several hundred-year-long outer precession cycle. Moreover, as discussed in Sect. 2.1.1, the reality of the eclipse depth variations observed by Kepler might be debatable. Therefore, follow-up observations and continuous monitoring of the eclipse depth variations are crucial.
We added this star to the long-term eclipse monitoring programme of Baja Observatory, Hungary, as a top priority target. Unfortunately, due to the bad weather conditions (which are usual in the winter season), so far we were able to observe only four primary and two secondary eclipses. Furthermore, owing to the poor sky conditions, two primary minima were observed in unfiltered mode, and only four eclipses were observed with a standardized Kron-Cousins RC filter. Normally, unfiltered minima observations are useful for the times of minima determination but unfit for studying the eclipse depth variation. Therefore, we consider only the RC -band eclipse observations. We generated the RCband model lightcurve for those nights and compared it to the observations (see Fig. 13 ). As one can see, the agreement for the primary eclipse is almost perfect. For the secondary eclipse, a minor systematic deviation can be seen. However, the decrease of the eclipse depths is beyond doubt. This fact confirms not only the ongoing precession of the innermost orbit but, retrospectively, justifies the physical origin of the eclipse depth variations observed in the different K2 campaigns.
In order to check the long time-scale dynamical evolu- tion and stability of our quadruple system, we carried out further numerical integration on a timescale of 10 8 yr. The integrator was the same as in the case of the photodynamical analysis. Therefore, beyond the four-body point-mass forces, tidal forces acting upon in the innermost binary were also considered, including the Eulerian equations of the rotations of stars A and B. Furthermore, for some additional runs tidal dissipation (within the framework of the equilibrium tide approximation), and relativistic apsidal motion were also included (see Appendix A for details). The additional parameters necessary for these integrations were set as follows. The inner structure (or apsidal motion) constants of both stars A and B were set to k2 = 0.02 which, according to Torres et al. (2010) , is appropriate for such low-mass stars. Furthermore, the dissipation rates for both stars were set to λ = 2×10 −5 . This type of dissipation rate was defined by Eq. (13) in Kiseleva et al. (1998) . It is connected to the small tidal lag time through the formula:
(see Borkovits et al. 2004, Eq. 25) . The choosen numerical values of λ correspond to tidal lags of ∆t ≈ −2 × 10 −10 days for both stars. The integrations did not reveal any dramatic variations in the orbital elements of the three orbits. Therefore, we conclude that the orbital configuration is stable up to the nuclear evolution time scales.
On the other hand, the numerical method allows us to study the spin evolution of the innermost two stars. This is especially interesting in the present case, as the most unusual characteristic of this system is the slow axial rotation of the stars comprising the inner pair.
13 For HIP 41431, the standard assumption that the axes are perpendicular to the orbit is not trivial. The likely non-coplanarity of the outermost orbit forces significant orbital plane precession, which may lead to spin-orbit misalignement, as suggested e. g. by Beust et al. (1997) in the case of TY CrA. Furthermore, as found by Correia et al. (2016) , the secular evolution of the spins in hierarchical triple systems when viscous tidal forces are present might be affected strongly by secular resonances between orbital and spin precessions and, therefore, chaotic rotation might occur.
In what follows we discuss briefly some results of three different integrator runs. Dissipative forces were taken into account in all three runs. For the run 'A', the spin axes of stars A and B are parallel to the orbital spin vector of the innermost orbit at the epoch t0 used in the photodynamical model. Furthermore, the spin rates are set according to the spectroscopically measured projected rotation velocities. In other words, apart from the dissipation terms, this numerical integration is a simple extention of the accepted photodynamical model over a much longer time scale. For the run 'B', the initial orbital elements were the same, but the orientation and magnitude of stellar spins are set arbitrarily. Finally, for the run 'C', the initial parameters are the same as in run 'A', but the outermost, fourth body is removed, i. e., a three-body integration was carried out.
In Fig. 14 we plot the variations of the orbital inclinations of the innermost orbit and of the equatorial planes of stars A and B on different time scales. The ∆i1 ≈ 30
• peak-to-peak amplitude, ≈ 600-year-period orbital precession triggered by the inclined outermost orbit is well visible. The short-term observational consequences of this additional precession were briefly discussed a few paragraphs above. As our results illustrate, this orbital plane precession triggers the stellar spin precession with an initially similar amplitude. However, the equatorial planes of the stars are unable to follow strictly the orbital plane, as shown in Fig. 15 . As a consequence, the stellar equators no longer remain aligned to the continuously varying orbital plane. On the other hand, due to the dissipative forces the amplitude of the spin precession dumps quickly in the first few hundred thousand years. Dramatic changes occur, however, during the later stages of the evolution. The origin of these changes can be found in some kind of spin-orbit resonances. We plot the evolution of the stellar spin rates in Fig. 16 . As one can see, due to the dissipative forces the originally sub-or super-synchronous rotation periods quickly relax to the orbital period. However, in this case various spin-orbit resonances may occur. As a consequence, the stellar spins can again desynchronize and, furthermore, large amplitude equatorial plane precession may also happen. The investigation of these phenomena is beyond the scope of the present paper; they were studied, e. g., by Correia et al. (2016) . In the context of the present paper, we conclude that the measured low projected rotational velocities of stars A and B probably offer observational evidence for the presence of strong spin-orbit coupling. The question whether the stars have strongly inclined spin axes or rotate slowly (or both) cannot be answered at present.
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DISCUSSION AND CONCLUSIONS
The triple system HIP 41431 is remarkable in several respects. First, it is very compact, with a 3-tier (3+1) hierarchy fitting inside the 3.3-au outer orbit. Second, all orbits are close to one plane (mutual inclinations of 2.
• 2±0.
• 1 and 21
• ±16
• ), while the period ratios are similar (20.17 and 24.4). The orbits interact dynamically.
The spatial velocity of this system (U, V, W ) = (8.1, 7.7, −1.4) km s −1 does not distinguish it from the old disk population and does not match known kinematical groups of young stars in the solar neighbourhood. The spectra do not have the lithium 6708Å line or emissions in Hα typical of young stars and no variability associated with chromospheric activity or star spots was found in the K2 data. We conclude that this multiple system is not young.
The most unusual characteristic of this system is the slow axial rotation of stars comprising the short-period inner pair, expected to be tidally synchronzed. However, this apparent paradox might be caused by the spin-orbit coupling and resonances triggered by the dynamically interacting third and fourth stellar companions, leading to chaotic rotation.
We looked for similarly compact hierarchies in the Multiple Star Catalog (MSC) (Tokovinin 2018a) . The current version of the catalog contains 29 triples with outer periods Pout < 150 d (not counting the present system). All MS triples except one have primary components of earlier spectral type than HIP 41431 (likely an observational selection effect). There are only six known triples, however, with the outer periods shorter than 59 d. While the absolute dimensions of the orbits (and, therefore, the orbital periods) are very important parameters from the point of view of the effectiveness of the tidal forces and also of the system formation scenarios, the period ratios are more significant indicators of the strength of dynamical interactions between orbits. In this regard, the period ratios of ∼20 found in the two subsystems of HIP 41431 are far from being extreme. In the small mutual inclination regime, such period ratios are well within the stability region of hierarchical triple stars (see, e. g. Mardling & Aarseth 2001) .
No quadruple systems of 3+1 hierarchy as compact as HIP 41431 were known previously. However, there are at least three compact triple systems with short outer periods among the Kepler's prime misson EBs where the systematic residuals of the four-year-long ETV data might indicate the presence of a fourth component (Borkovits et al. 2016) .
Our work has contributed an interesting system that challenges the theories of star formation. Compact and coplanar hierarchical stellar systems like HIP 41431 are probably a result of migration in massive disks that are present at the time of star formation. The first two stellar embryos condense from gas, accrete mass, and migrate inward, while outer components condense later in the same accretion flow (e. g. by disc fragmentation) and, in their turn, migrate inward. No other scenario can plausibly explain the origin of such well-organized, planetary-like hierarchies. However, further discussion of formation mechanisms is beyond the scope of this paper.
ACKNOWLEDGMENTS
We thank the Referee, D. Gies, for useful suggestions and corrections. T. B. acknowledges the financial support of the Hungarian National Research, Development and Innovation Office -NKFIH Grants OTKA K-113117 and KH-130372. L. M. was supported by the Premium Postdoctoral Program of the Hungarian Academy of Sciences. The research leading to these results has received funding from the LP2017-8 Lendület grant of the Hungarian Academy of Sciences.
We used the Simbad service operated by the Centre des Données Stellaires (Strasbourg, France) and the ESO Science Archive Facility services (data obtained under request number 396301). This work has made use of data from the European Space Agency (ESA) mission Gaia 15 , processed by the Gaia Data Processing and Analysis Consortium (DPAC, https://www.cosmos.esa.int/web/gaia/ dpac/consortium). Funding for the DPAC has been provided by national institutions, in particular the institutions participating in the Gaia Multilateral Agreement. This paper includes data collected by the K2 mission. Funding for the K2 mission is provided by the NASA Science Mission directorate. Some of the data presented in this paper were obtained from the Mikulski Archive for Space Telescopes (MAST). STScI is operated by the Association of Universities for Research in Astronomy, Inc., under NASA contract NAS5-26555. Support for MAST for non-HST data is provided by the NASA Office of Space Science via grant NNX09AF08G and by other grants and contracts. al. 2018, A&A, 595, A2 (Vizier Catalog I/345/gaia2). Howes, L. M., Lindegren, L., Faltzing, S. et al. 2019 , A&A, 622, A27 Jurgenson, C., Fischer, D., McCracken, T. et al. 2016 , JAI, 5, 55003 Kiseleva, L. G., Eggleton, P. P., Mikkola, S., 1998 , MNRAS, 300, 292 Kopal, Z., 1978 
APPENDIX A: SOME DETAILS OF THE NUMERICAL INTEGRATOR FOR MODELLING 2+1+1 HIERARCHIES
As it was mentioned above, the numerical integrator which was used in the spectro-photodynamical code is an upgraded version of the 3-body integrator described in Borkovits et al. (2004) . Further details of the practical implementation of a numerical integrator coupled to the lightcurve emulator were discussed in the appendix of Borkovits et al. (2019) . Here we discuss the additional modifications introduced into the code to handle quadruple systems with 3+1 hierarchy.
Similar to the previous hierarchical triple star case, the Jacobian vector formalism is consistently used. In order to describe the motion of the fourth body and its effect on the inner three stars, now we introduce the third Jacobian vector which points to the outermost component (star D) from the centre of mass of the inner triple subsystem (stars A, B, and C).
Let us denote by ri the barycentric radius vector of the component i and by rij = rj − ri the vector between components j and i. Then, the first three Jacobian vectors are as follows:
while the mutual distances between the components are:
Then, the point-mass (U ), tidal (T ), and rotational (R) components of total potential take the following forms:
and, furthermore,
(These expressions were deduced with the 2+1+1 case generalization of the Eqs. (10-13) of Borkovits et al. 2004 , based on the treatment of Kopal 1978.) The tidal and rotational terms are calculated only for stars A and B (denoted here by indices 1 and 2), i. e. for the members of the innermost binary. In these expressions, Ri denotes the radius of the i-th star, k (i) j stands for the j-th apsidal motion constant of the i-th star (practically only k2-s were used). Furthermore, in the T12 term which describes the mutual interaction between the close binary members, r d i is the distance between the two stars, taken into account the tidal lag time of the component i, and λi denotes the direction cosine between the radius vector and the tidal bulge of the i-th star. For the non-dissipative case, which was used for the spectro-photodynamical runs, d1 = d2 = r12 and λ1 = λ2 = 1. The terms T12out give the tidal contributions of stars C and D to the motion of the innermost binary. Finally, in the last term (R12), which describes the contributions of the rotational oblateness of stars A and B, ω z i stands for the uni-axial spin angular momentum vector of the i-th component. 
B2 Radial velocity data
The columns give the BJD date of observation, the RVs of the components A, B, and C in km s −1 , their residuals to the spectro-photodynamical model, and the instrument code (see Sect. 2.2.). In fitting the RVs, we adopt the errors of 2.0 km s −1 for CfA, 0.5 km s −1 for TRES, UVES, VUES, and CHIRON. For reader's convenience, the full, online available list is provided in machine readable format. 
